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Physical spin configurations corresponding to topological excitations expected to be
present in the XY limit of a purely quantum spin 1
2
Heisenberg ferromagnet, are probed
on a two dimensional square lattice . Quantum vortices (anti-vortices) are constructed
in terms of coherent spin field components as limiting case of meronic ( anti-meronic )
configurations . The crucial role of the associated Wess-Zumino term is highlighted in
our procedure . It is shown that this term can identify a large class of vortices (anti-
vortices). In particular the excitations having odd topological charges form this class
and also exhibit a self-similar pattern regarding the internal charge distribution .This
manifestation of different behaviour of the odd and the even topological sectors is very
prominent in the strongly quantum regime but fades away as we go to higher spins. Our
formalism is distinctly different from the conventional approach for the construction of
quantum vortices ( anti-vortices ).
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1. Introduction
The physical existence of topological excitations in quantum spin systems in one and
two dimensions can be investigated by making use of various field theoretic techniques
such as quantum action-angle representation, coherent state formulation and field theo-
retic approach manifesting a ’Berry Phase’ [1-3]. The XY-limit of Heisenberg ferromagnet
also belongs to this class of systems . It has been shown that in the case of a Heisenberg
antiferromagnetic chain, the Wess-Zumino ( WZ) term in the effective action is genuinely
a topological term [1]. Moreover in the long wavelength limit of this system the explicit
expression of this term is similar to that of the topological term for a nonlinear sigma
model. Extending this approach further, it was shown by us [3] that it is possible to
express the WZ term as a topological term, also in the case of a ferromagnetic chain
in the long wavelength limit. Later we generalized this to the case of two dimensional
ferromagnet [3,4] where again we demonstrated that in the above limit we could indeed
get an expression from the WZ term , indicating the possibility of topological excitations.
Thus at this stage of analysis it is necessary to examine the physical configurations of
these excitations in terms of coherent fields as well as the consequence of the WZ term,
explicitly on a two dimensional square lattice. At the moment we do this for the XY-limit
of the two dimensional Heisenberg ferromagnet with spin 1
2
. We show that the WZ term
can indeed identify a large class of the topological excitations . Furthermore we demon-
strate that this term can clearly differentiate between vortices ( and antivortices ) with
different charges within this class. It is important to note that our entire analysis is valid
for all temperatures .
2 Mathematical Formulation
2.1 Action and the Wess-Zumino term
The quantum Euclidean action SE for the spin coherent fields n(t) , on a single lattice
site , can be written as [2,3]
SE = −isSWZ [m] +
∫ β
0
dtH(n) (1)
where s is the magnitude of the spin (s = 1
2
in the present case ) and
〈n|S|n〉 = sn
H(n) = 〈n|H(S)|n〉 (2)
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H(S) being the single site effective spin Hamiltonian in spin (s) representation and H(n)
is the corresponding Hamiltonian in the coherent spin fields , n(t) . The variable t denotes
the pseudo-time having the dimension of inverse temperature with β = 1
kT
as usual , T
being the real thermodynamic temperature of the spin system.
The Wess-Zumino term SWZ is given by (see Fradkin in Ref.[2])
SWZ [m] =
∫ β
0
dt
∫ 1
0
dτm(t, τ) · ∂tm(t, τ) ∧ ∂τm(t, τ) (3)
with m(t, 0) ≡ n(t), m(t, 1) ≡ n0, and m(0, τ) ≡m(β, τ), t ∈ [0, β], τ ∈ [0, 1] .
The geometrical interpretation of equation(3) is that the left hand side represents the area
of the cap bounded by the trajectory Γ , parametrized by n(t) [≡(n1(t), n2(t), n3(t))] on
the sphere:
n(t) · n(t) = 1 (4)
Furthermore the fields m(t, τ) are the fields in the higher dimensional (t, τ)-space and
the boundary values n(t) are the coherent spin fields . n0 is the fixed point (0, 0, 1) on
the sphere and the ket |n(t)〉 appearing in the right hand side of equation (2), is the
spin coherent state on a single lattice point [1-3] .For simplicity we have suppressed the
coordinates in all the expressions .
For the whole two dimensional lattice , we express n(ia, ja, t) as n(ia, ja) for breavity , a
being the lattice spacing . The WZ term for the whole lattice can formally be written as
StotWZ =
2N∑
i,j=1
SWZ [m(ia, ja)] (5)
However it is possible to evaluate only the ’difference’ of SWZ [m(ia, ja)] terms at two
neighbouring lattice sites in terms of the coherent spin fields n(ia, ja). Thus to extract
the topological-like contribution from the total WZ term StotWZ , we use the following
expressions for the above ’difference’ (see Fradkin in Ref.[2]) :
δxSWZ [m(r)] = SWZ [m(ia, ja)]− SWZ [m((i− 1)a, ja)]
=
∫ β
0
dt[δxn · (n ∧ ∂tn)](r)
δySWZ [m(r)] = SWZ [m(ia, ja)]− SWZ [m(ia, (j − 1)a)]
=
∫ β
0
dt[δyn · (n ∧ ∂tn)](r) (6)
where
δxn(ia, ja) = n(ia, ja)− n((i− 1)a, ja)
δyn(ia, ja) = n(ia, ja)− n(ia, (j − 1)a) (7)
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with r ≡ (ia, ja) , and i, j = 1, 2, ....., 2N .
We now write the following identity for the right hand side of equation (5):
StotWZ =
2N∑
i,j=1
SWZ [m(ia, ja)]
=
2N∑
i,j=1
[
1
2
SWZ [m((i− 1)a, ja)] +
1
2
SWZ [m(ia, (j − 1)a)]
+
1
2
δxSWZ [m(ia, ja)] +
1
2
δySWZ [m(ia, ja)]] (8)
The philosophy behind the above exercise was to extract the quantity which is directly
calculable viz. difference in WZ term and cast it in the form analogous to that of the
winding number in the case of a one dimensional system [2].
From equations (6), (7) and (8) we get
2StotWZ =
2N∑
i,j=1
{SWZ [m((i− 1)a, ja)] + SWZ [m(ia, (j − 1)a)]
−
∫ β
0
dtn((i− 1)a, ja) · (n ∧ ∂tn)(ia, ja)
−
∫ β
0
dtn(ia, (j − 1)a) · (n ∧ ∂tn)(ia, ja)} (9)
The pseudo-time derivatives of the coherent spin fields, ∂tn(ia, ja) in the above equa-
tion can be expressed in terms of coherent fields at the above site and at the nearest
neighbour sites through equations of motion which can be obtained from the action
corresponding to the appropriate spin model on the lattice (see Eqns.(13), (14) and
Eqns.(A.1), (A.2), (A.3) in the appendix) . This brings out the topological character
of the last two terms in the above expression of StotWZ . However the remaing terms (viz.,
1st and the 2nd) in equation (9) have no such properties and hence we do not consider
them for determination of topological charge . Therefore we keep only the topologically
relevant terms and construct the following effective WZ-term :
2SeffectiveWZ = −
2N∑
i,j=1
{
∫ β
0
dtn((i− 1)a, ja) · (n ∧ ∂tn)(ia, ja)
+
∫ β
0
dtn(ia, (j − 1)a) · (n ∧ ∂tn)(ia, ja)} (10)
2.2 Action corresponding to spin model and equations of motion
The spin Hamiltonian corresponding to nearest neighbour anisotropic Heisenberg ferro-
magnet of XXZ type is given by[3]
H(S) = −g
∑
〈r,r′〉
S˜(r) · S˜(r′)− gλz
∑
〈r,r′〉
Sz(r)Sz(r
′) (11)
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with g ≥ 0 and 0 ≤ λz ≤ 1 , r,r
′ running over the lattice, and 〈r, r′〉 signifies nearest
neighbours with S ≡ (S˜, Sz).
It follows from equations (2) and (11) that the total spin Hamiltonian on the lattice , in
terms of coherent fields is given by
H(n) = −gs2[
∑
〈(i,j),(i′,j′)〉
n˜(ia, ja) · n˜(i′a, j′a) + λz
∑
〈(i,j),(i′,j′)〉
nz(ia, ja)nz(i
′a, j′a)] (12)
Using equation (1) we can write the quantum action (Euclidean)for the two dimensional
anisotropic ferromagnet as:
S latticeE = −is
∑
i,j
SWZ [m(ia, ja)] +
∫ β
0
dt[−gs2
∑
〈(i,j),(i′,j′)〉
n˜(ia, ja) · n˜(i′a, j′a)
−gλzs
2
∑
〈(i,j),(i′,j′)〉
nz(ia, ja)nz(i
′a, j′a)] (13)
where s = 1
2
, since we are considering the extreme quantum case.
The above action S latticeE is used to derive equations of motion as described in the previous
section. We minimise S latticeE subject to the local constraint (4) on each lattice site. Thus
we minimise the following quantity:
Ftot = S
lattice
E +
1
2
∫ β
0
dt
∑
(i,j)
a2λi,j[ n
2(i, j)− 1]} (14)
The 2nd term in the right hand side of the above equation is the lattice version of the
term
∫
d2x
∫ β
0 λ(x, t)(n
2(x, t) − 1) where λ(x, t) is an auxiliary field playing the role of
a multiplier . The equations of motion which follow from the above minimisation are
given in the Appendix A . We substitute the expressions for ∂tn from Eqns. ( A.1 )
into Eqn.(10). The purpose of this exercise is to obtain an approximate expression for
SeffectiveWZ given by equation (10) corresponding to the XXZ Heisenberg ferromagnet.
3. Calculations and Results
Now we present calculations for SeffectiveWZ corresponding to vortices (anti-vortices) con-
structed out of coherent spin field components n1(ia, ja), n2(ia, ja) and n3(ia, ja) . We
analyse all the higher charged vortices by decomposing them in terms of elementary
plaquetts of unit charge . We find that the odd-charged vortices can be described consis-
tently by a flattened meron configuration . Even-charged vortices however , behave in an
anomolous way .
3.1 Analysis of 1-vortex
Equation (10) shows that the summands are associated with the vertices 2 , 3 and 4
5
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Figure 1: (a) 1-vortex , (b) 1-anti-vortex
where the vertices 1, 2, 3 and 4 of the 1-vortex [see F ig.1] are assigned the coordinates
(i− 1)a, (j − 1)a, (ia, (j− 1)a) , (ia, ja) and ((i− 1)a, ja) respectively . The contribution
of SeffectiveWZ to a single plaquette [see F ig.1] with the above vertices can be written as
(see Appendix) :
[SeffectiveWZ ](1−vortex) = −{
∫ β
0
dt[n((i− 1)a, ja) · (n ∧ ∂tn)(ia, ja)
+n(ia, (j − 1)a) · (n ∧ ∂tn)(ia, ja)
+n((i− 1)a, (j − 1)a) · (n ∧ ∂tn)(ia, (j − 1)a)
+n((i− 1)a, (j − 1)a) · (n ∧ ∂tn)((i− 1)a, ja)]} (15)
Now we focus our attention to the physical construction of vortices corresponding to our
specific model . As we are interested in the extreme XY - anisotropic limit, we assume
n3(i
′a, j′a) = sin ǫ(i′a, j′a) at each lattice point (i′a, j′a) where ǫ(i′a, j′a) is a very small
positive quantity for each (i′, j′). Then it follows from Eqn.(4) that within a vortex (or
anti-vortex) the following conditions must be satisfied :
If one of the components n1 (or n2) at a vertex (la,ma) for (l, m) =((i − 1), (j − 1)),
(i, (j − 1)) , (i, j) and ((i − 1), j) is given by ±(1 − δ) then the other one is given by
±
√
[cos2ǫ(la,ma)− (1− δ)2] ; δ being small and positive , and assuming the same value
at each vertex of the plaquette .
For illustration (see Fig.-1) we have a quantum vortex of charge +1 in which the horizon-
tal arrow → at a vertex represents n1 with value 1 − δ and the vertical arrow ↑ implies
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n2 with value 1 − δ. Further, in this figure the horizontal arrow ← at a vertex denotes
n1 having value −(1 − δ) and the vertical arrow ↓ represents n2 with value −(1 − δ). As
shwon in the appendix ; since the horizontal or vertical arrow has value ±(1− δ) for all
time ,the quantity δ must be independent of time . It may be remarked that the vortex
configuration (shown in Fig.1a) has a topological charge +1 , as the spin rotates through
an angle +2π in traversing the boundary once in the anti-clockwise sense.
In this connection let us point out that usually in a two dimensional vortex corresponding
to spin 1
2
quantum spin model, the arrows→ and ↑ signify eigenstates of Sx and Sy respec-
tively having eigenvalues +1
2
[6]. The states ← and ↓ are eigenstates of these operators
respectively having eigenvalues −1
2
. In our present formulation for quantum vortices, we
make use of the spin coherent field components n1 and n2 to form vortex (anti-vortex),
with n3(ia, ja) = sin ǫ(ia, ja) at each lattice point. Our picture is approximately that of
flattened ”meron(anti-meron) configurations” [7,8] mimicking a vortex (or anti-vortex) .
This configuration arises naturally only when λz −→ 0 i.e. in a pure XY model . As
explained before, in this quantum vortex configuration n1 or n2 cannot be exactly equal
to ±1 . Rather we will have to choose them as ±(1 − δ), where δ is an infinitesimal
quantity. More detailed reasons are as follows:
If we want to identify the spin state | →〉 (eigenstate of the operator Sx having eigenvalue
+1
2
) with the coherent state |n〉 = cos θ
2
|1
2
〉+ (e−φ)sin θ
2
|−1
2
〉 corresponding to s = 1
2
, at a
vertex [seeF ig.1], we have n1 = 1, n2 = 0 and n3 = 0 at that vertex. Similarly for | ←〉
we put n1 = −1, n2 = 0 and n3 = 0 ; for | ↑〉 we have n1 = 0, n2 = 1 and n3 = 0 and
to represent | ↓〉 we require n1 = 0, n2 = −1 and n3 = 0 . In this way we can repre-
sent spin states at each vertex by the corresponding coherent spin states [see Eqn.(2)].
These assignments however violate the non-zero magnititude of n3 , which is given by
n3(la,ma) = sin ǫ(la.ma) at a vertex point of the vortex plaquette. Therefore we must
choose n1 or n2 to be ±(1 − δ) to preserve the constraint given by Eqn.(4) .
Let us now look at the symmetry properties of SeffectiveWZ . It can be shown that (see ap-
pendix) SeffectiveWZ can easily be decomposed into two parts such that the first part changes
sign in going over from a 1-vortex configuration to the corresponding anti-vortex config-
uration ; whereas the second part remains invariant under this operation. We denote the
first part by B and the second part by A. This transformation from vortex to anti-vortex
can be implemented by changing n2(2) and n2(4) in Fig.1 to -n2(2) and -n2(4) respec-
tively. Algebraically this means that A contains terms which are of even degree in n2(2)
and n2(4) whereas B contains terms that are linear or of odd degree in n2(2) and n2(4).
7
From Eqn.(15) we have SeffectiveWZ in the form A + B by using Eqn.(15) as explained in
the Appendix A. :
3.2 Analysis of 2-vortex
For a typical 2-vortex we refer to Fig.2 . We calculate the contribution of SeffectiveWZ given
by equation (10) on such a plaquette by algebraically adding the contributions of SeffectiveWZ
on each of the individual elementary plaquettes (subvortices) with a weightage factor of
1
2
to the common bonds shared between the pairs of adjacent subvortices. We denote
these subvortices by a , b , c and d, each carrying topological charge +1 [ Fig.2 ] . We
are interested in those field configurations for which the contributions of SeffectiveWZ on the
common bonds cancel each other (see Appendix) and only the peripheral contribution
on the boundary remains. However the spin at the central lattice point of the vortex
( the point O in Fig.2 ) becomes ambiguous , as is clear from the fact that the spin
configurations at the lattice points on the boundary of the plaquette cannot be shrinked
to a unique spin at the centre . This is reflected through the fact that the horizontal
effective spin at the centre vanishes. Thus the central point turns out to be a ′defect′
or a singular point. This brings pecularities in the behaviour of the neighbouring spins
as well , leading to the breakdown of the 2-vortex in the flattened meron configuration
limit, if we construct the vortices in terms of elementary plaquetts . It can be explicitly
demonstrated that this scenerio persists in the case of all other even-charged vortices as
well ( see Appendix )
Thus the contributions of SeffectiveWZ on the boundary of the 2-vortex is not well defined .
The scenerio persists in all the vortices (anti-vortices) possessing even valued topological
charges , as can be read out from the spin field configuration in the case of 4-vortex
[see F ig.4] .
3.3 Analysis of 3-vortex
For 3-vortex [see Fig. 3] however , we have a consistent spin field configuration . We
have now an elementary anti-vortex plaquette at the central region with well defined field
configurations , the contributions of [SeffectiveWZ ] along the common bond cancel giving
rise to consistent spin field configurations . It may be pointed out that in contrast to
the even-valued charge case we now have a subvortex with opposite charge occupying the
central region. Studying the configuration in Fig. 3 , we discover the following identity
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for a topological Q-vortex ,with odd values of Q ( Q 6= 1 ), which describes the topological
charge distribution inside the vortex consistently.
Q =
1
4
[Q2 − (Q− 2)2] + 1 (16)
The quantity (Q− 2) is the absolute value of the effective charge ( negative ) of the core
which is an anti-vortex in this case. This can be generalized for Q-antivortex also. It may
be pointed out that this equation is obtained directly by studying the charge distribution
within these configurations . Notice that the above equation holds good even within the
core, i.e., when Q is replaced by (Q− 2), and thereby depicts a self similar pattern.
3.4 Analysis of 4-vortex
Here again [see Fig. 4] the spin at the centre becomes ambiguous, the horizontal effective
1 2 3 4
b c
5
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7
8
d
e
f
gh
91011
16
1213
14
15
ij
k
l
a
A B
CD
Figure 4: 4-vortex
spin at the centre vanishes . Once again the central point turns out to be a defect or
a singular point, rendering cancellation of the contributions of SeffectiveWZ on the common
bonds impossible .The ambiguity of the suitable spin field configuration for 4-vortex is
explained through equation ( ) in the appendix.
4. Conclusion and Discussion
i) Our calculations and analysis with spin 1
2
ferromagnetic quantum XY model in two
10
dimensions clearly bring out distinguishing features between even and odd charge sectors.
The internal charge distribution equation [equation (30)] is obeyed by the excitations with
odd charge in totality. The even charge sectors however are not governed by this equation.
ii) Our work has established the role of WZ term as a ’topological charge measuring
quantity’ , obtained from microscopic theory. Furthermore, this term is able to test var-
ious internal consistencies and conservation conditions involving the topological charge
distribution for a large class of excitations . Thus our approach is more powerful than
that based on the heuristic operators suggested for determining the charges of topological
excitations [6,9].
iii) Our future plan includes the generalization of our approach to the case of finite
λz to achieve a physical realization of excitations of meronic type in the spin models .
Furthermore , making use of these results and these configurations we aim to evaluate the
static and dynamic spin correlations for spin 1
2
anisotropic quantum Heisenberg ferromag-
net at any temperature in two dimensions . These will contain contributions from both
merons and anti-merons and are expected to exihibit distinguishing features from both
even and odd topological charge sectors . These are of great importance in analysing the
results from inelastic neutron scattering experiments, carrying the signature of the dy-
namics of these configurations themselves [7] . Our procedure can also throw some light
on the possible phenomenological scenario of quantum Kosterlitz - Thouless transition
[3,6,10].
iv) Last but not the least, the present investigation and methodology of ours may
further be extended to low dimensional fermionic models[11] as well.
To conclude, this study of topological spin excitations on the 2D-lattice will undoubt-
edly play an important role in the understanding of thermodynamics of low dimensional
ferromagnets.
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Appendix
Applying variational principle to the action given by equation (14), we obtain the
equation of motion for an XY-anisotropic Heisenberg ferromagnet explicitly on the lattice
, in the following form:
∂tn1(ia, ja) = −i g s [λzn2N3 − n3N2](ia, ja)
∂tn2(ia, ja) = −i g s [n3N1 − λzn1N3](ia, ja)
∂tn3(ia, ja) = −i g s [n1N2 − n2N1](ia, ja) (A.1)
In the above derivation we have used the following variation of the WZ-term given by
(see Fradkin in Ref.[2])
δStotWZ [m] =
∑
i,j δSWZ[m(ia, ja)]
=
∑
i,j
∫ β
0 dt δn(ia, ja) · (n ∧ ∂tn)(ia, ja) (A.2)
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In Eqn.(A.1) N1(ia, ja), N2(ia, ja), N3(ia, ja) are the components of the vector N at the
lattice point (ia, ja) . The vector N is given as:
N(ia, ja) = n(ia, (j − 1)a) + n((i− 1)a, ja) + n((i+ 1)a, ja) + n(ia, (j + 1)a) (A.3)
For the vortex ( anti-vortex ) plaquette having vertices 1 , 2 , 3 and 4 (see Fig.1 ) with
coordinates ((i − 1)a, (j − 1)a), (ia, (j − 1)a), (ia, ja) and ((i − 1)a, ja) respectively , it
follows from Eqn.(10) that the contribution of SeffectiveWZ to the 1-vortex is given by
[SeffectiveWZ ](1−vortex) = −{
∫ β
0 dt[n((i− 1)a, ja) · (n ∧ ∂tn)(ia, ja)
+n(ia, (j − 1)a) · (n ∧ ∂tn)(ia, ja) + n((i− 1)a, (j − 1)a) · (n ∧ ∂tn)(ia, (j − 1)a)
+n((i− 1)a, (j − 1)a) · (n ∧ ∂tn)((i− 1)a, ja)]} (A.4)
We evaluate the right hand side ofEqn.(A.4) by substituting for ∂tn fromEqns.(A.1) and (A.3)
. To keep the calculations simple but consistent , we retain the intra-plaquette contribu-
tions by imposing a so called ”local periodic boundary condition” (local PBC) as applied
to the site closest to the vertices belonging to the plaquette under consideration .
In this case of 1-vortex [see Fig.1a] for the local PBC the field configurations satisfy
n(ia, ja) = n((i− 2)a, ja) = n(ia, (j − 2)a)
n((i− 1)a, ja) = n((i− 1)a, (j − 2)a) = n((i+ 1)a, ja)
n(ia, (j − 1)a) = n(ia, (j + 1)a) = n((i− 2)a, (j − 1)a)
n((i− 1)a, (j − 1)a) = n((i+ 1)a, (j − 1)a) = n((i− 1)a, (j + 1)a) (A.5)
Besides we make use of the following conditions satisfied at different vertices of the pla-
quette for all time, as explained in the section 3.1 [see Fig.1a] :
n1((i− 1)a, (j − 1)a) = −n1(ia, ja) = 1− δ
n2(ia, (j − 1)a) = −n2((i− 1)a, ja) = 1− δ (A.6)
This means that the following equations must hold :
∂tn1((i− 1)a, (j − 1)a) = −∂tn1(ia, ja) = ∂t(1− δ)
∂tn2(ia, (j − 1)a) = −∂tn2((i− 1)a, ja) = ∂t(1− δ) (A.7)
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Using Eqns. (A.1) , (A.4) and (A.5) we have
∂tn1((i− 1)a, (j − 1)a) = −i g s λzn2N3((i− 1)a, (j − 1)a)
∂tn1(ia, ja) = −i g s λzn2N3(ia, ja)
∂tn2(ia, (j − 1)a) = i g s λzn1N3(ia, (j − 1)a)
∂tn2((i− 1)a, ja) = i g s λzn1N3((i− 1)a, ja) (A.8)
The right hand sides of Eqs. (A.8) vanish in the flattened meron configuration limit where
λz −→ 0 and N3 aquiring very small since ǫ(ia, ja) is very small in this configuration.
Consequently from Eqns.(A.7) it follows that the quantity δ does not vary with time (
δ is independent of the position of the vertex points of the plaquette [See Fig.1.a] , as
explained in section 3.1)
Now using the Eqns. (A.1), (A.3), (A.5), (A.6) and (A.7) we obtain SeffectiveWZ as
follows :
[SeffectiveWZ ](1−vortex) = [n1(2) + n1(4)][(n ·N)(3)n1(3)−N1(3)]
+[n3(2) + n3(4)][(n ·N)(3)n3(3)−N3(3)] + n1(1)[(n ·N)(4)n1(4) + (n ·N)(2)n1(2)]
+n2(1)[(n ·N)(4)n2(4) + (n ·N)(2)n2(2)− 2N2(2)] + n3(1)[(n ·N)(4)n3(4)
+(n ·N)(2)n3(2)− 2N3(2)]
= A+B (A.9)
where A and B are given by:
A =
∫ β
0 dt {2(n1(2) + n1(4))
2[n1
2(3)− 1] + 2 n1(3) n3(3) [n1(2) + n1(4)][n3(2) + n3(4)]
+4 n2(1) [n2
2(2)− 1][n2(3) + n2(1)]}
B =
∫ β
0 dt {+2 n2(2) n1(1) [n1(2)− n1(4)] [n2(3) + n2(1)]
+2 n2(2) n3(1) [n3(2)− n3(4)] [n2(3) + n2(1)]} (A.10)
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It is interesting to note that A remains invariant if we go from vortex to antivortex
by changing n2(2) and n2(4) in Fig.1 to −n2(2) and −n2(4) respectively whereas B goes
over to −B . Thus [SeffectiveWZ ](1−vortex) takes the form A− B for antivortex [Fig1.b].
To analyse the case of 2- vortex [Fig.2] we assign the co-ordinates to the vertices 1,
2, 3, 4, 5, 6, 7, 8 as ((i− 1)a, (j − 1)a) , (ia, (j − 1)a), ((i+ 1)a, (j − 1)a), ((i+ 1)a, ja),
((i + 1)a, (j + 1)a), (ia, (j + 1)a), ((i − 1)a, (j + 1)a), ((i − 1)a, ja) respectively . The
centre O has co-ordinates (ia, ja). Using Eqns. (A.1) , (A.3) as well as the local PBC ;
the equations motion of the spins n2 at the vertices 2, 4, 6, 8 reduce to the following , in
the flattened meron configuration limit ( λz −→ 0 ):
(1− δ)2 = cos2ǫ(2) = cos2ǫ(4) = cos2ǫ(6) = cos2ǫ(8) (A.11)
It is therefore obvious from the above equations that the z-component of the spin n viz.,
n3 becomes position indepedent.
In Fig.3 we have denoted the elementary vortex plaquettes by a, b, c, d, e, f , g, h. Note
that there is an elementary anti-vortex plaquette in the central region with vertices A,
B, C and D . We write formally the expression for [SeffectiveWZ ](3−vortex) :
[SeffectiveWZ ](3−vortex) =∫ β
0 dt{n(1a)·(n∧∂tn)(2a)+
1
2
n(2a)·(n∧∂tn)(3a)+
1
2
n(4a)·(n∧∂tn)(3a)+n(1a)·(n∧∂tn)(4a)
+n(1b) · (n∧∂tn)(2b)+n(2b) · (n∧∂tn)(3b)+
1
2
n(4b) · (n∧∂tn)(3b)+
1
2
n(1b) · (n∧∂tn)(4b)
+1
2
n(1c) · (n∧∂tn)(2c)+n(2c) · (n∧∂tn)(3c)+n(4c) · (n∧∂tn)(3c)+
1
2
n(1c) · (n∧∂tn)(4c)
+..............................
+1
2
n(1h)·(n∧∂tn)(2h)+
1
2
n(2h)·(n∧∂tn)(3h)+
1
2
n(4h)·(n∧∂tn)(3h)+n(1h)·(n∧∂tn)(4h)}
(A.12)
In the above equation (1a), (2a), (3a) and (4a) denote the vertices for the subvortex a
in the anti-clockwise sense as we have already usde in the case of 1-vortex. Similarly for
the other subvortices. It can be shown after a long calculation that Eqn. (A.13) can be
written in the form A+B , as we had in the case of 1-vortex , where B consists of terms
linear in n2(2) or containing odd powers of n2(2). Thus A+B over goes to A−B as we
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go from vortex to anti-vortex.
In the case of a 4-votex [Fig.4] we have a again a single lattice point as in the case of the
2-vortex. By similar reasons the 4-vortex construction in terms of elementary plaquettes,
breaks down in the flattened meron configuration limit.
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